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Sheath Structure Around a High-Voltage Body
in Magnetized Nonflowing Ionospheric Plasma

Mengu Cho*
Kyushu Institute of Technology, Tobata-ku, Kitakyushu 804, Japan

The electron sheath structure around a cylindrical body with a finite length biased to a high positive potential in a
magnetized nonflowing plasma in low Earth orbit is studied. The results of Monte Carlo particle-in-cell simulations
show that once electrons lose their energy by scattering due to the collective action of plasma, they are trapped by
the potential well inside the sheath and enhance the electron density near the body surface parallel to the magnetic
field. On the basis of simulation results, the electron density inside the sheath can be approximated by a uniform
density. The electron density and potential structure inside the sheath are formulated as functions of magnetic field
strength, plasma density, cylinder radius, and body potential. The accuracy of the theoretical formulas is evaluated
by comparing the theoretical results with the simulation results.

Nomenclature
B = magnetic field, G
E = electric field, V/m
f, g = periodic functions
I, = total electron current to upper half of cylindrical body, A
L = axial half length of trapped zone, m
L. = axial half length of cylindrical body, m
m = particle mass, kg
n = number density, m—?
n, = electron density of ambient Maxwellian plasma, m~>
q = charge of one superparticle
re = collection radius, m
r; = inner turning point of electron, m
rL = radial boundary position, m
o = outer turning point of electron, m
rpy = Parker—-Murphy radius, m
p = cylindrical body radius, m
Ty = sheath boundary radius, m
T = temperature, K
v = velocity, m s™!
v, = electron thermal flux velocity, m s7!
ZL = axial boundary position, m
I',, = electron radial flux, m=2 s~!
I,, = electron axial flux, m=2 s~!
Age = electron debye length, m
v, = effective scattering frequency, s™!
¢, = body surface potential, V
w, = electron gyrofrequency, absorbed radiation per second
wp, = electron plasma frequency, absorbed radiation per second,
J(n.e*/egm,)
Subscripts
e = electron
i = ion
n = neutral
r = radial direction
b4 = axial direction

Introduction

HE use of high power in future space missions, especially in
low Earth orbit (LEO), calls for high-voltage power generation
and transmission, typically higher than 100 V. The operation at
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high voltage, however, may cause serious environmental interaction
between the spacecraft and the ionospheric plasma. A key factor
that determines the nature of the spacecraft—plasma interaction is
the electric sheath structure around the spacecraft body.

This paper is the first half of a report of the results of theoretical
and computational work on the sheath structure around a cylindrical
body with a finite length and with a high positive potential in iono-
spheric nonflowing magnetoplasma conditions. The second half of
the report! focuses on the effects of ionization on the sheath structure
and derivation of a theoretical formula to express the critical neutral
density above which the sheath boundary. expands infinitely. The
work presented in this paper forms the basis of Ref. 1. The purpose
of this paper is to conduct theoretical formulation on the electron
density and the potential structure inside the sheath at the limit of
low neutral density, where the neutral density around the object is
equal to the ambient undisturbed values. Reference 1 discusses the
case in which neutral density is enhanced for various reasons, such
as thruster firing or surface outgassing.

Laframboise and Sonmar® made a detailed review of previous the-
oretical work on the subject of the electron current collection by a
biased body in collisionless magnetoplasma. If only the space charge
effects are included and the magnetic field is neglected, the theory
by Langmuir and Blodgett® gives the current collection by a spher-
ical body under the assumption that the particles are accelerated in
the radial direction only. Even taking into account the nonradial ve-
locities, as long as the magnetic field is neglected, the collisionless
probe theory that integrates the Vlasov equation including the self-
consistent space charge has been already established (for example,
see Ref. 4).

If the geomagnetic field is included, the theoretical treatment
becomes increasingly difficult. The work of Parker and Murphy? has
been cited by many for the magnetized case. From the conservation
of angular momentum and total energy, they gave
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as the upper limit on the radius of particle collection by a spher-
ical body. The radius of particle collection means that the initial
radius in a cylindrical coordinate system taking the magnetic field
in the axial direction must be within that radius for a particle at
infinity to be collected by the body. The electron current calculated
by multiplying the electron thermal flux by the cross-sectional area
of wr2,, has been used in many space experiments as a reference
value to study the electron current collection by a spacecraft, in-
cluding the latest tethered satellite system (TSS) experiments.® The
current calculated based on Langmuir-Blodgett theory? has served
as another reference in the experiments. The theory of Parker and
Murphy applies to the case in which debye length is much longer



than the characteristic length of the body. This paper deals with the
case in which the characteristic body scale is much larger than the
debye length. The space charge effect inside the sheath is crucial
for determining the shape of the sheath; the magnetic field is also
important for defining the particle trajectory inside the sheath.

Ma and Schunk’ studied the sheath structure around a high-volt-
age sphere by computer simulations with a fluid code. They showed
that the electron density is enhanced near the body surface because
of E x B drift, and the results agree qualitatively with the experi-
mental results of Greaves et al.,} who showed that a stable toroidal
plasma could form around a positively biased spherical electrode
in the presence of a low-pressure gas in a uniform magnetic field.
However, the fluid code lacks the capability to reproduce the elec-
tron diffusion across the magnetic field that results from the kinetic
interaction between the plasma and the time-varying electrostatic
field. A particle-in-cell (PIC) code can simulate the kinetic inter-
action by solving the particle motion self-consistently with the time-
varying electric field and the space charge density. Usui® made a
computational study on the sheath structure around a high-voltage
object in ionospheric plasma by using a PIC code and found that
the electron density inside the sheath was relatively uniform up to
epp/xT., = 1000, even though he simulated the case of a very
small object whose characteristic length is only 6 times the debye
length.

The largest difference between this work and previous theoretical
and computational works is that extensive use is made of a Monte
Carlo PIC (MC-PIC) code to check the numerical accuracy of the
theoretical formulations. The MC-PIC simulation is used as a nu-
merical experiment to supplement the laboratory experiment that is
necessary to check the theory developed here, but it is very difficult
to conduct. The MC-PIC code can correctly simulate the kinetic
interaction between the plasma particles and the electrostatic waves
as well as the collision between the plasma particles and the neutral
gas surrounding the object. The collisional transport of electrons
across the magnetic field could be important when the neutral gas
density is enhanced near the spacecraft body surface.

This paper neglects the orbital velocity of the body, which could
be a very important parameter for defining the sheath structure
around spacecraft in orbit. Because the orbital velocity is much less
than the electron thermal speed, as long as the orbital velocity is par-
allel to the magnetic field the effects caused by neglecting it should
be minimal. To investigate its effect when the orbital velocity has
some angle with respect to the magnetic field, a three-dimensional
simulation code is needed, which requires far more computational
resource than the two-dimensional simulation presented here. De-
veloping a three-dimensional code and studying the combined ef-
fects of magnetic field and orbital velocity has been tried by several
authors, and preliminary results!®!! show asymmetry between the
ram and wake directions. When the magnetic field is perpendicular
to the orbital velocity, asymmetry develops even in the direction per-
pendicular to both the magnetic field and the orbital velocity, which
results from E x B drift of electrons. The theoretical formula de-
rived in this paper may not be directly applicable to spacecraft flying
LEO. The work presented here, however, represents an intermediate
step to construct a theory applicable to more realistic situations and
still serves as a useful starting point for more difficult work.

The first part of this paper describes the result of particle sim-
ulation to study the effect of magnetic field on the electric sheath
structure. In the second part of the paper, formulas are derived to
calculate the electron density near the side surface of the cylindrical
body and the sheath radius around the cylinder body, and assump-
tions and approximations are made to derive simple formulas to
calculate the electron density and the sheath radius even with a cal-
culator to allow study over a wide range of parameters. To evaluate
the accuracy of the assumptions and approximations, the MC-PIC
simulations are used extensively as numerical experiments.

MC-PIC Simulation
Simulation Code
The MC-PIC code used in this paper is two-dimensional in space
and three-dimensional in velocity. An axisymmetric cylindrical co-
ordinate system is used whose axis is the same as the axis of a
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Fig. 1 Schematic picture of simulation space.

cylindrical body as shown in Fig. 1. I assume no spatial gradient in
the azimuthal direction and I assume symmetry around the axis. I
also assume symmetry across the z = 0 plane and calculate only
the upper half of the cylinder. Electrons and ions are injected from
the two boundaries r = r; and z = z; with Maxwellian distribu-
tion and no drift velocity. When a magnetic field is included in the
simulation, the magnetic field is parallel to the z axis. I call the body
surface facing the z = z;, boundary the top surface and the surface
facing the r = r;, boundary the side surface. These terminologies
are indicated in Fig. 1. The boundaries parallel to each surface are
called top and side boundaries. The boundary at the central axis is
called the center boundary and the boundary at z = 0 is called the
bottom boundary.

In the MC-PIC simulation, the motion of many superparticles is
followed, each of which represents a group of real charged particles.
Particles that exit the computational domain from the bottom bound-
ary are reinjected with the opposite axial velocity. It is assumed that
all of the particles that hit the body surface are absorbed. For the ion-
to-electron mass ratio, m,;/m, = 10 is used for the ambient ions
that fill the computational domain initially and are injected from the
top and side boundaries. The charge of each superparticle for the
ambient ions is equal to the absolute value of the electron charge,
i.e., g4 = |g.]. To justify the use of low mass ratio m,; /m,, simula-
tions were carried out with m,; /m, = 30,000 and m,; /m, = 1000,
whose results showed no significant difference from the results with
mgyi/m. = 10.

The computational domain is filled with water vapor of uniform
density n, = 10'* m™3 unless stated otherwise. This value is chosen
as a typical value of undisturbed neutral density in LEO. For the
neutral density of , = 10" m™3, the effect due to collisions is neg-
ligible. Therefore, the simulation in this paper is almost identical to
a mere PIC simulation and the MC-PIC code is used only for con-
sistency with the cases of enhanced neutral density, whose results
are presented in detail in Ref. 1. The choice of neutral species, water
vapor, also comes from the need for consistency with Ref. 1, where
water vapor was chosen because it is the major species of outgassing
from the spacecraft surface.

Table 1 lists the parameters used for the MC-PIC simulations
and the results. The simulation results and the theoretical results
in the table are discussed in the following sections. Initially, the
simulation space is filled with electrons and ions of Maxwellian
distribution with «7,,(= 0.2 or 0.1eV) and ¥ T; = 0.1 eV and den-
sity n,. The grid sizes are Az = Ar = 0.02m for n, = 10! m™3
and Az = Ar = 0.04m for n, = 101 m~3, which correspond to
Az/hg. < 2. The total number of superparticles that initially fill
the simulation space is 10°~10° for each species, depending on the
size of simulation space, but is set so that at least 10 particles are
placed in one grid cell. If equal charge and mass are assigned to each
superparticle, the number of superparticles proportional to the cell
volume becomes increasingly small near the central axis. Therefore,
the charge and mass of superparticles were adjusted and the ¢/m
ratio was kept constant so that there are as many particles at a small
radius as at a larger radius.
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Table 1 Parameters of MC-PIC simulation, results of simulation, and results of theory

Simulation results

Theoretical results

i;/nn ne/n, rpm, M Fy, M ne/no

No. ne,m B,G rpm L,m ¢V «T,eV [Bq (21)] Fe, M re,m [Eq. 0] [Eq. ()] [Eq.(22)] [Eq.(23)]
1 1011 0.35 0.48 0.48 100 02 0.26 1.06 1.10 0.14 1.07 1.14 0.18
2 101! 0 048 0.48 100 02
3 101 0.35 048 0.48 200 0.2 0.30 1.13 1.27 0.24 1.24 1.35 0.21
4 101! 0.35 0.48 0.96 100 0.2 0.19 0.93 1.09 0.29 1.07 1.14 0.18
5 101 0.35 048 0.96 200 0.2 0.26 1.24 1.29 0.14 1.24 1.35 0.21
6 1011 0.35 0.96 0.48 100 02 0.17 1.41 1.66 0.32 1.66 1.72 0.15
7 1010 0.35 0.48 0.96 100 0.1 1.02 0.98 1.32 1.11 1.07 1.35 1.00
8 1010 0.35 0.48 0.96 200 0.1 1.09 1.19 1.64 1.11 1.24 1.64 1.05
9 1010 0.35 0.48 0.96 300 0.1 1.12 1.29 1.84 1.14 1.35 1.85 1.09
10 1010 0.35 0.48 0.96 400 0.1 1.22 1.40 2.08 1.17 1.44 2.03 1.12
11 1010 035 048 1.92 100 0.1 0.78 0.97 1.44 1.21 1.07 1.35 1.00
12 101! 0.35 0.24 0.48 100 02 0.35 0.72 0.77 0.18 0.72 0.80 022
13 10! 0.35 0.48 0.48 300 02 0.34 1.27 1.39 0.21 1.35 1.49 022
14 10! 0.50 048 048 100 0.2 0.36 091 0.99 0.32 0.94 1.01 0.29
15 10! 020 048 0.48 100 0.2 0.12 125 1.40 0.08 1.36 1.42 0.09
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Fig. 2 Electric potential around a cylindrical body biased to 100 V.

The body potential is suddenty raised to anonzero value ¢, attime
t =0 and fixed to this value after ¢ = 0. Generally, as the simulation
begins by suddenly biasing the object in the uniform Maxwellian
plasma, the electric potential of a given point has an initial distur-
bance of the order of the ion plasma frequency. The amplitude of
the initial disturbance decays exponentially and, after it decays, the
electric potential remains steady with fluctuation of some ampli-
tude. Typically the MC-PIC code is run up to ¢t = 3007 /w), with a
time step of At =0.02/cw,,.

Simulation Results

Figure 2b shows the steady-state electric potential contours for
case (2), where there is no magnetic field. The shaded area denotes
the cylinder body, and the contour labels are in volts. The sheath
structure is almost spherical because the radius of the cylindrical
body r), is the same as its half length L., and the sheath is thick
enough to hide the geometry of the body. The sheath boundary at
the z =0 plane is 1.26 m and the boundary off the edge of the cylin-
der is 1.33 m. The result of the nonmagnetized case can be checked
against the theory of Langmuir and Blodgett® by comparing the
sheath radius. The Poisson equation is integrated with the initial
condition for the particle velocity at the sheath edge, and the sheath
radius is determined so that the resulting potential structure satisfies
the boundary conditions. More details of the computational proce-
dure are given in Ref. 12. The sheath radius calculated in this way
is 1.20m for a cylinder with a radius of 0.48 m and 1.29m for a
sphere with a radius of 0.67 m. The radius of 0.67 m corresponds to
the distance from the center to the end of the cylinder. The results
show reasonable agreement, which validates the MC-PIC code.

Figure 2a shows the electric potential contours for case (1), where
the magnetic field of 0.35 G parallel to the z axis is included and the

sheath thickness is decreased perpendicular to the magnetic field
and the thickness along the magnetic field line is unchanged. As the
magnetic field is increased, the sheath is suppressed further, which
is confirmed by the results of cases (14) and (15). Suppression of
the sheath is explained by examining the electron densities around
the body. The electron density around the body for case (1) is shown
in Fig. 3, where the contour labels are in n,/n,. When there is no
magnetic field, the electron density decreases radially toward the
body surface from the sheath edge. When there is a magnetic field,
there is a2 bump in the electron density at the side of the body. This
bump is formed by electrons that are trapped in the potential well
by losing their energy via scattering because of collective action of
the plasma and by electrons that rotate around the body by £ x B
drift.

Figure 4 presents examples of particle trajectories for case (1). To
plot Fig. 4, several particles injected from the top boundary between
t = 3007 /w), and (3007 +0.2)/w,. were tagged and their position
at every time step was stored until they exited the simulation space
while the MC-PIC code was run for another 3007 /w,,. To make
it easy to understand, the particle trajectories after they crossed
the bottom boundary, z = 0, were transformed to the trajectories at
z < 0, by using the mirror image across z = 0.

When the electric field is completely stationary, electrons have
two constants of motion, namely, the canonical momentum and the
total energy, as discussed in Refs. 4 and 5. For a given set of the
canonical momentum and the total energy, thé boundary of allowed
particle positions can be drawn on the » — z plane. They are defined
by the innermost and outermost turning points of gyromotion as the
electrons move along the magnetic field. These boundaries are the
same ones shown as a magnetic bottle in Figs. 1,4, and 16 of Ref. 2.
There are three types of electron motion inside the boundaries. The
first type (type 1 in Fig. 4) is made of electrons whose innermost
turning points of gyromotion cross the body surface and are collected
by the body. The second type (type 2 in Fig. 4) is made of electrons



Fig. 4 Example of electron trajectory
for case (1) in the MC-PIC simulation.
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whose innermost turning points do not cross the body surface but are
significantly bent toward the body surface inside the sheath. They
go back and forth inside the sheath and finally escape the sheath
while keeping their initial energy and canonical momentum. The
third type of electron (type 3 in Fig. 4) is those not affected by the
presence of the body, whose innermost and outermost boundaries
are just parallel lines along the magnetic field line. The type of
an electron is determined by the initial position » and the initial
velocities at the top boundary.

When the electric field is not stationary and varies in time, there

are two additional types of electron motion. As the space charge.

density fluctuates via collective action of the plasma, electrostatic
waves are excited. Some electrons lose their energy to the wave if
their velocities are slightly faster than the wave phase velocity, and
some gain energy if the velocities are slightly slower, as it is often
explained as a mechanism of Landau damping (see Ref. 13 for an
example). The energy loss mechanism is equivalent to scattering of
electrons due to collective action of the plasma. I call those elec-
trons that lose energy type 4 electrons, and those that gain energy are
type 5 electrons. Once the energy changes from the initial value, a
fixed boundary of allowed positions in the r — z plane can no longer
be defined. Figure 5 plots the total energy, %mevf — e¢, against
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Fig. 6 Current density to each grid cell on the body surface for case
(1) in the MC-PIC simulation.

the initial energy for each particle at 0.48m< r < 1.10m and
0 < z < 0.2m for case (1) at ¢ = 3007 /w,.. The energies are nor-
malized by the temperature « T,,. When particles are injected from
the top or side boundaries, where ¢ = 0, they have an initial energy
determined by the Maxwellian distribution with the temperature of
T.,. A significant number of particles lose their initial energy and
have negative energies. Many particles also gain energy. Electron
heating was observed during the first TSS flight and offers an expla-
nation for the additional current to the TSS subsatellite anode found
in TSS-1R.1

The type 5 electrons are heated and the width of the magnetic
bottle becomes larger. They either are collected by the body surface
like the type 1 electrons or exit the sheath like the type 2 electrons.
The type 4 electrons lose energy and can no longer escape the sheath
in the axial direction because they cannot overcome the potential
well. Their magnetic bottle shrinks compared with the initial shape
and the open ends in the axial direction that existed initially are
now closed, which means they are trapped. They are removed from
the sheath only by being collected by the body surface across the
magnetic field or heated to have enough energy to escape the sheath
in the axial direction. Either way, they stay inside the sheath for a
long time and contribute significantly to the space charge. When the
effect of collisions is as significant as the collective action of the
plasma in causing an electron to lose its energy, type 4 electrons
are also created by collisions. ]

Figure 6 shows the current density to each grid cell on the cylinder
surface for case (1), as the time average between ¢ = 2807 /w,,. and
3007 /.. The current density is normalized by the electron thermal
current en,v,, where v, is defined by

Uy = 4/ KTea/zﬂme 2

If we calculate the total current to the upper half body of the cylinder
by integrating the current density, we have |[,,| = 4.84n,,v(,71r;. I
define a hypothetical cylinder as follows: if a particle has its initial
position inside the cylinder at z — oo, it is collected. Such a radius
of the hypothetical cylindrical cross section is defined by

|1
rt/. — ___Eﬁ 3)
en, v,

This radius, . is 4/(4.84) r, = 1.06m for case (1). In Fig. 2, the
contour of e¢p = «kT,, = 0.2eV isat 1.10m at z = 0. Therefore,
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not all of the electrons entering the sheath are collected by the body.
Some of the electrons rotate around the body because of the E x B
drift and escape in the z direction as type 2 or 5 electrons.

Figure 6 shows that a nonzero current flows even to the side sur-
face near z = 0. Also the current density to this part of the cylinder
is relatively uniform at | j,| = 0.09en,v,. The current to the side sur-
face near z = L, is due to electrons whose gyromotions have their
inner turning point at » < r,, (type 1 electrons). The current to the
side surface near z = 0 cannot be explained by this mechanism, and
it should be attributed to transport across the magnetic field by type 4
and 5 electrons. The current due to type 1 electrons dominates the
current due to type 4 and 5 electrons for a cylinder of modest length.

Theoretical Formulation

Continuity Equation for Trapped Electron

1 consider a way to express the electron density near the body side
surface. I define a volume of trapped zone next to the side surface,
which is shown in Fig. 7, where the definition of L is somewhat
ambiguous. It is not the cylinder half length L. It should be regarded
as the point where the electron current to the side surface becomes
very low and uniform and the cross field flux due to type 4 and 5
electrons becomes dominant over the flux of type 1 electrons. For
the case shown in Fig. 6 [case (1)], the value of L is approximately
L = 0.1 m. Later we find that the parameter L is canceled when we
calculate the electron density.

I consider the continuity equation for the trapped (type 4) elec-
trons in the volume. At steady state, it is written as

10 a
;—-—(newerr)-’r (Neave) =0 4)

Iintegrate Eq. (4) in the volume —L <z < Landr, <r <r, and

obtain
rs
rerlr:r,,rpd2+2/ Fuli=prdr=20
p

L L
/ I—‘er|r=rsr.\‘ dz—/
~L —L
(%)

where the factor 2 in front of the third term comes from the fact that

rs Ty
f Cyl;=rrdr and —/ Celz=—rrdr
™ rp

where I",, = n,4v,;, are equal because of symmetry acrossthe z = 0
plane.
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Fig. 7 Volume of trapped zone.
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An electron enters the sheath if its radial position at z = z, is
within the radius r,. But an electron whose radial position at z = z;
is within the radius r, is collected directly by the body before it
reaches z = L. call this radius r.. the collection radius in this paper.
Therefore, the total number of electrons that enter the volume from
z = L per unit time is given by

r:—r

B
RoVoT 5

The ratio of the number of trapped electrons to the number of elec-
trons given by Eq. (6) is the probability P that an electron is trapped
while it travels from z = z, to —z,. Once it loses energy by scattering
due to collective action of the plasma, it is trapped in the potential
well and cannot escape in the axial direction. I denote the time scale
on which electrons lose their energy by 1/v,,. I assume that the
trapped electrons are transported only radially toward the body side
surface across the magnetic field and escape the volume only by
being collected at the body surface. Therefore, at steady state,

6)

2 2

/ rez [z:Lr dr = "’Pn,,v(,n ﬁ;_r‘ (7)
™
and the probability P is given by
—2
Vey
P=1- eXP(—f = dZ> (8)
25 Vez
When
—z
Zy vEZ

is much smaller than unity, we can expand the exponential of Eq. (8).
We also approximate the integral

—2Zs
UE\
/ Ve g
zs Us
as follows:
-2y v
[43
/ —dz > — Ves (9)
k13 vez @

Then, Eq. (5) gives

J.

Strictly speaking, equating

r2—r? s
—Pryv,m{ = 5 < to f Cezlz=rrdr
p

ignores the electrons collected by the body surface at z > L and
z < —L. It also ignores the electrons that escape axially by gaining
energy again through the interaction with waves. The error associ-
ated to this equation is further discussed in the next section.

L
rerlr:ryrA' dz — f lWerlr:rprp dz _2Lnnve,\' (r,z _r,_z) =0
—-L
(10

Poisson Equation

I define the sheath boundary as the point beyond which the charge
neutrality no longer holds and the electron density is higher than the
ambient ion density. The charge neutrality holds in the presheath
although the plasma density decreases toward the body surface. In
this analysis, I consider only the region between the body surface
and the sheath boundary. The potential increases gradually from zero
at the edge of the presheath to a potential of the order of the plasma
temperature (0.1~ 0.2eV) at the sheath boundary. The boundary
conditions imposed at the sheath boundary r = r, are

lror, = 0 (1
3¢ _
o =0 (12)

r=ry
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Fig. 8 Electric potential distribution at z = 0 for various cases in

Table 1: —, MC-PIC simulation and - - - -, theoretical results from
Egs. (16) and (22).

At the body surface r = r,, I impose

¢Ir=r,, = ¢p

The use of Eq. (11) is justified because the potential at the sheath
boundary, which is of the order of plasma temperature, can be ne-
glected compared with the surface potential ¢,. The electric field
should have a nonzero value at the sheath boundary, but it is very
weak compared with the surface field or the average electric field
inside the sheath. In Fig. 8 the electric potential distributionatz = 0
is plotted for various cases listed in Table 1. The solid curves denote
the MC-PIC simulation results, and arrows indicate the position of
sheath boundary r,. The sheath boundary is defined as the point
where the charge density first becomes zero as we move away from
the body surface r,,. The field decreases rapidly near r, and becomes
negligible compared with the field inside the sheath. Therefore, the
electric field at the sheath boundary is neglected.

The sheath boundary is determined by the amount of negative
charge inside the sheath to shield the effect of positive potential
of the body. The Poisson equation in cylindrical coordinates with

azimuthal symmetry is written as
dp e
—_— = —n
dz €

BF) 9
Qa)*&

In Eq. (14), the effect of ambient ion density, which is much smaller
than the electron density inside the sheath boundary r < r,, is ne-
glected.

Before I proceed with further analysis, I list the major assump-
tions used in this paper. These assumptions are made only for the
parameters inside the volume defined in Fig. 7: Assumption (1),
all of the parameters are uniform in the z direction inside the
volume; Assumption (2), the electron density between r, and r,
is uniform; Assumption (3), the effective scattering frequency v,
is uniform in the volume and much less than the electron gyro-
frequency w..; Assumption (4), the electric field and the potential
at the sheath boundary » = r, are zero; and Assumption (5), the
electron density is equal to the density of type 4 electrons.

Assumption (1) is justified by looking at the results of MC-PIC
simulations, as in Figs. 2 and 3. To justify the use of Assumption
(2), in Fig. 9, I show the electron density along the z = O line
calculated by the MC-PIC code for various cases listed in Table 1.
Figure 9 also shows an arrow to indicate the sheath boundary r = r,.
The use of Assumption (5) leads to an underestimate of #,, as there
are as many type 2 or 5 electrons as type 4 electrons in Fig. 5. The
error associated with this assumption is further discussed in the next
section.

From Assumption (1), the second term in Eq. (14) can be ne-
glected. I integrate the Poisson equation from position r inside the
sheath to the sheath boundary r,. Using Assumptions (2) and (4),

¢ e
—_— 7
ar €,

13)

19

14
r or 19

(15)
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Fig. 9 Electron density distribution atz = 0 for various cases calculated
Integrating this further, I obtain
r2 lalr,/r) — [(r‘2 - rz)/2]

by the MC-PIC code.
16
2t~ [(7 =7 /2] } (10

Substituting the partial derivative of Eq. (16) with respect to r, into
Eq. (15), I obtain the following relation among n,, ¢,, r;, and r;,:

2t L _r}—ri
* rp 2

Linson'> made a similar analysis by using Assumptions (1), (2),
and (4) and reached the same equation as Eq. (17). But Linson’s
theoretical formulation stopped at Eq. (17) and varied the electron
density n, as a parameter. In this present paper, I derive a formula
to give n, and derive an implicit formula to define r, as a function
of ¢, without assuming the electron density a priori.

¢(r)=¢p[

en,

€, 2

¢ an

Derivation of Electron Density

The type 4 electrons are transported across the magnetic field by
losing their energy on a time scale of 1/v,, while rotating around
the magnetic field. Then the radial drift velocity is given by

Ver = —(e/me)Er(Ve.\'/wze) (18)

The derivation of Eq. (18) is given in the Appendix. The effective
scattering frequency v,, due to collective action of the plasma should
be comparable with the growth rate of the plasma instability occur-
ring in the trapped zone. Calculating the growth rate and v, is a
very difficult task and is left for future work. If the electron current
to the side surface near z = 0 shown in Fig. 6 is carried completely
by type 4 electrons, which gives an upper limit on v,,, the effective
scattering frequency is of the order of 0.01w),, which is smaller than
the gyrofrequency by 2 orders of magnitude. On the basis of this
result, I assume that the effective scattering frequency v, is much
less than w,..

From Assumption (4) the electron radial flux at ry, ', |, =, can
be neglected compared with T, |, =r,- Then, Eq. (10) is written as

nes(e/m)E, s —y, (ves J02)2Lry — 2Ln,ve, (r2 = r2) =0 (19)

where Eq. (18) has been substituted as v, and Assumptions (1) and
(2) are used to take out the integral with respect to z. I substitute E,
calculated by Eq. (15) with r = r, into Eq. (19) and use Assumption
(5) to set n.4 = n,. Then, finally I obtain

wl)l‘

r2 —r2
ne = 2”0 — _2._2
~r2

(20)

Wpe Ty

Equation (20) indicates that the electron density does not depend
on v,;. Physically, it means that even if the probability of trapping
increases, the trapped electrons are transported more easily across
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the magnetic field because of higher v,,, and the effects cancel each
other. I derive the electron density on the assumption that the elec-
trons are trapped by losing their energy by scattering due to collec-
tive action of the plasma. The trapping also occurs when electrons
lose energy via electron-neutral collisions. For that case, I add the
collision frequency to the effective scattering frequency and the
derivation thereafter is the same. The resulting equation (20) does
not depend on v,,, which means that the electron density does not
depend on the neutral density as long as the collision frequency is
less than the gyrofrequency, which was a basic assumption to obtain
Eq. (18).

I now evaluate the accuracy of Eq. (20) by comparing the results
with the average electron densities at z = 0 obtained from the
MC-PIC simulations. I define the average electron density as

— s . r}-r?
n, = ([ﬁ nerdr)/< 3 ) @n

Column 8 of Table 1 lists 7z,. To evaluate Eq. (20), I substitute the val-
ues ry and r,. obtained from the MC-PIC simulations. I approximate

r. by r] defined by Eq. (3), where |[,,]| is given from the MC-PIC -

results. This approximation is justified on the basis that the current
due to type 1 electrons dominates the current due to type 4 and 5
electrons for a cylinder of modest length. Column 9 of Table 1 gives
r. calculated in this way and column 10 gives r, taken from the
MC-PIC simulation results. Column 11 lists n, calculated by
Eq. (20) with these r. and r.. In Fig. 9, I also show the value of
column 11 as broken lines. Results of Eq. (20) agree with the aver-
age electron density within a factor of 2 for all the cases calculated
in this paper.

Discussion

For a long cylinder length L., Eq. (20) tends to overestimate the
electron density at low ¢, [cases (4), (7), (8), and (11)]. There are
two reasons for this overestimation. One is that the sheath axial
length increases and the assumption f Vs /U, At K 1 is no longer
true; expanding the exponential in Eq. (8) leads to overestimation of
the probability P and the resulting electron density. The other reason
is that the approximation given by Eq. (9) gives the overestimation
because the axial velocity inside the sheath is faster than v, due to
axial acceleration. At high ¢, [cases (5) and (10)] and long L., the
radial flux I",, increases because the radial electric field increases.
Then approximating r. by r/ leads to overestimation of r, because
the current | 1,,| in Eq. (3) contains the contribution due to I',,.. This
is especially true for along L, such as cases (5) and (10), and leads
to an underestimation of n,.

For a short cylinder length, L., [cases (1), (3), (12), (13), (14),
and (15)], Eq. (20) tends to underestimate the electron density. For
a short cylinder, the use of Eqg. (9) underestimates the probability
of trapping because the axial path length inside the sheath is longer
than the axial length of the volume 2L. Instead, it should be at least
2z,. The effects of using 2L and v, in Eq. (9) somewhat cancel
each other and the overall error caused by use of Eq. (9) leads to an
estimate within a factor of 2 for short cylinders with L. >~ r,.

The other reason for the underestimation for short cylinders is
that the contribution of type 2 and 5 electrons to the electron density
inside the sheath is neglected. The type 2 electron contribution could
become large for a high value of v,, where the trapped electrons are
quickly transported across the magnetic field, whereas the type 2
electrons move back and forth before they escape the sheath. But
high v,, means a high probability of trapping for the type 2 electrons.
Then the type 2 electrons could become the trapped electrons at any
time for a high v,,. If the electrons in the volume defined in Fig. 7 are
composed of type 2, 4, and 5 electrons with an equal fraction (see
Fig. 5), the density n.4 in Eq. (19) is replaced by n, /3 and the factor
+/2 in Eq. (20) is replaced by /6. The overall estimate obtained
from Assumption (5) is within a factor of ,/3.

Derivation of Sheath Boundary Radius

I now make a final assumption to obtain the relationship among
®p, 1y, and rp,. The radius . must be a function of n,, r,,, ¢, T,,,
and B. The radius rpy given by Eq. (1) gives an upper limit on r.

for the case of a spherical body and stationary electric field and the
following is assumed.

Assumption (6), the radius r, is approximated by rpy,.

In column 12 of Table 1, I list the Parker—Murphy radius rpys for
each case. Note that rp, is larger than r, for all of the cases.

Substituting Eq. (20) into Eq. (17) with rpy as r,

(re/rp)?—1— (8e¢p/mew3erg)
(rs/rp)* — 1

€ Ny W o
¢p=—_ r
€ /2 Wpe ¥

2
x[(n./r,,)2 m(i) _elp o 1] (2)

Tp

This equation implicitly gives the sheath radius r, for a given set of
parameters, although a numerical iteration scheme is needed, which
is still much cheaper in CPU time than the MC-PIC simulations.
Also with Assumption (6), the electron density in the sheath can be
calculated by

(re/rp)?—1— (Se¢p/mgwf,er2)
ne = /2n, 2 SO
)

pe (r.\'/r[i)2 -1

where r, can be given as the solution of Eq. (22). Hence, MC-PIC
simulations are not needed to calculate the electron density near the
side surface.

In columns 13 and 14 of Table 1, I list r, and n,, calculated by
Eqgs. (22) and (23). The sheath radius calculated by Eq. (22) gives
a good approximation with a maximum difference of 7% with the
MC-PIC simulations results. Generally Eq. (22) gives an overes-
timate of the sheath radius r,. The overestimation results from ap-
proximating the collection radius r, by rpy, which is the upper limit
on r.. The overestimate on r, leads to an overestimate of r,, which is
given as the solution of Eq. (22). The electron density calculated by
Eq. (23) still agrees with the average electron density of the MC-PIC
simulation results within a factor of 2.

In Fig. 8, I plot ¢ (r) given by Eq. (16) with r, given from the
solution of Eq. (22). The analytical formula is plotted as broken
curves; solid curves are the MC-PIC results. Agreement between
the simulation and theory is very good for cases (4), (6), and (7). It
reflects the agreement of the electron densities between the simu-
lation and theory, which are given as columns 8 and 14 of Table 1,
respectively. For the other cases, the potential ¢ (r) calculated by
Eq. (16) overestimates the potential at a given point, because the
uniform electron density, which is the basis of Eq. (16), is less than
the simulation values. The maximum difference between the two
potentials is 0.11¢, for case (13). The radial electric field at the
body surface can be calculated by substituting r = r, into Eq. (15)
along with r; and n, determined from Egs. (22) and (23). Gener-
ally, this leads to underestimation of the surface electric field. The
maximum error is 21% for case (13).

Conclusion

I have studied the electron sheath structure around a cylindrical
body with a finite length biased to a high positive potential in a
nonflowing magnetized ionospheric plasma. MC-PIC simulations
are used as numerical experiments to check the validity of the theo-
retical treatment. The results of MC-PIC simulations show that the
electrons are trapped by the potential well by losing their energy by
scattering due to collective action of the plasma and form a bump in
the electron density near the body surface. The results of MC-PIC
simulations also show that the electron density near the side surface
is relatively uniform.

Onthe basis of this observation, a theoretical formulation has been
tried to describe the electron density and the potential structure as a
function of parameters, which are given externally. In other words,
I'have tried to obtain simple formulas that can calculate the electron
density and the potential structure even with a calculator and without
the use of expensive MC-PIC simulations.

By defining the probability of trapping with an effective scatter-
ing frequency, the number of electrons trapped per unit time can



be defined. The electron velocity across the magnetic field is given
once the scattering frequency can be defined. By equating the elec-
tron flux of trapped electrons and the electron flux transported to the
body side surface, the trapped electron density can be calculated.
The trapped electron density obtained in this way is a function of
the magnetic field strength, the ambient plasma density, the sheath
radius, the cylinder radius, and the electron collection radius. The
electron collection radius is the radius of a hypothetical cylindrical
cross section, which defines the outer boundary of electrons col-
lected directly by the body surface. With the Parker—Murphy radius
used as an approximation on the electron collection radius, an im-
plicit relation among the sheath radius, the magnetic field strength,
the ambient electron density, the cylinder radius, and the body po-
tential can be obtained. Therefore, the electron density becomes a
function of the magnetic field strength, the ambient plasma density,
the cylinder radius, and the body potential only. The electron den-
sity calculated by this formula agrees with the results of MC-PIC
simulations within a factor of 2.

By using the assumption of uniform electron density inside the
sheath, it is easy to integrate the Poisson equation with appropri-
ate boundary conditions. By using the implicit relation between the
sheath radius and the other parameters, the potential structure in-
side the sheath can be calculated as a function of the magnetic field
strength, the ambient plasma density, the cylinder radius, and the
body potential only. The radius of the sheath boundary is also cal-
culated from the implicit relation and the theoretical results agree
with the results of MC-PIC simulations with a maximum error of
7% for the radius of sheath boundary and of 21% for the strength of
surface electric field.

Appendix: Derivation of Equation 18

Plamadesso and Ganguli'® solved the equation of motion of an
electron in a cylindrical coordinate system, where the electric field
direction is radial only and the magnetic field direction is axial only.
When an electron has negligible kinetic energy at r = r,, its radial
position has the inner turning point at r = r;. The radial position of
the electron oscillates around a mean value 7 = (r, + r;)/2 with a
certain period. It is written as

r(@) =r+@r/2)f @)

where §r = r,—r; and f (¢) is a periodic function with an amplitude
of unity and a period of ., i.e., f(t + t.) = f(t), and Plamadesso
and Ganguli'¢ calculated §r as

(A1)

2e 3¢
mew?, or

8r (A2)

r=r

When an electron loses its energy as a result of scattering either
because of collective action of the plasma or because of collision at
t =t and r = r), its radial position after the scattering is given by

r'@)y =7+ @r/2)g® (A3)
where g(¢) is another periodic function and it is assumed that the
radial electric field is constant between 7 and 7’ and dr does not
change. Because after the scattering the electron has the outer turn-

ing point at r = r), it is possible to write
r'(te) =r, =7+ (r/2) (A4
The position r, is also given from Eq. (A1) as
rl=F+ér/2)f(t.) (A5)
The shift of average position due to scattering is given by
Sr=F—r=r,—Q@r/2)—F==@r/2)+(r,—F)
= —(@r/2) + (6r/Df () (A6)
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If the timescale of scattering v;! is much less than the period .,
which is comparable to 277 /w,., it can be assumed that the scattering
occurs during ¢ = ¢’ to ¢’ + dt’ with an equal probability of v, dt’.
Then the expected value of &7 after one period of rotation can be
calculated as

i 8 1"
(or) = f 6?([:.)11” dtc, = _'Ve.v_rtc[l - f f(tcr) dl‘:}
0 2 o J,

(A7)

The function f(¢) is negative during a half period where r < 7 and
positive during the half where r > 7. The time integral of f(¢) from
0 to . is not necessarily zero, because an electron can stay longer
at r < 7 or r > 1 while rotating around the average position 7.
But it certainly should be much less than 7, and in the bracketed
right-hand side of Eq. (A7), the second term is neglected. The radial
drift velocity for electrons is given by dividing (§7) by the period ;

2ev,, 3¢
m.w?, dr

ér
U = —Ves = =

> (A%)

where Eq. (A2) has been substituted for ér.
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